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Abstract : In this paper it is shown that if A is an "algebraically
*eparanormal " operator , Le, pUA) I8 *-paranormal for some nonconstant
complex polynomial p. then for every "= 770 Wiyl ¢ theorem halds for
A, where Al dengtes the set of analviic functions on an epen

neighborhood of aidl 1. Introduction

Throughout this note let B{H) and K(H) denote , respectively . the algehra
of bounded linear operators and the ideal of compact aperators acting on an
infinite dimensional separable Hilbert space . If A = B(H) we shall write
NiA) and R{A) for the null space and the range of A |, respectively . Also, let

ar| A )= dim NTAY, A )= dim N|A" ) and tet TlAhald) gog w4 gooiie ke
spectrum ., approximate point spectrum  and  point spectrum of A .
respectively .

For an operator A ® B{H) . the ascent a(A) and the descent diA) are
given by

| £ ey I 1 .n) sl

al{A) =inf [m20 Vi !' w14 l]l and diA) = inf {n20 wla® )= mla ||I ‘
respectively : the infimum over the empty sef is taken to be infinite . If the
ascent and the descent of A® B(H) are both finite . then a{A) =d{A)=p, H =

‘[“-]'B"‘l‘u’ and “'t‘rj is closed [1s] ;

Also, an operator A = B{H) is called Fredholm if it has closed range ,
finite dimensional null space , and its range has finite co-dimension.

The index of a Fredholm operator is given by
A) = @Al fA)
An operator A © B(H) is called Weyl if it is a Fredholm of index zero |

and Browder if it is Fredholm "of finite ascent and descent”  : equivalently
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l if Ais Fredholm and 14 is invertible for sufficiently small Ha 0.

Asi

i)

The essential spectrum oA + the Wevl spectrum “4) and the Browder
spectrum a4 of A are defined baict, ]"H-"i}
g ld)l= i e A-4 b nor Fredhols |
il A= {d e d =X b mot Wl
ayldl= & e Czd - L iy nor Browder |,
respectively . Evidently

g fdlcetd)lc opld)l=a (4 hraccaldl

Where we write ace K for the accumulation points of K = C . If we write
iso k= Kace K then we let

Eld)= & Goald); ojai 4 — & K= :_

|.'Il1|.lI

f'n-*"ll E rH.J:I-,Irr.-.I |L

We say that Weyl s theorem holds for A il
erl.A) el A)_ k]

In this paper we investigate the validity of Weyl s theorem for
algebraically *-paranormal operators.

We consider the sets

B (B Ve Lda BUMY: B A i olonaad gl ol A )Xo ],
LA V= o B Y BCA i cdosasd and JA Jon L

and
Bl =lde BIH): Aed |1 and HA)z 0]

Bv definition,
a ld)=rla 4+ KK e K{M)

iz the essential approximate point spectrum , and
g ld)=ria (4 K): AK = Kd and K & K|H )}
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is the Browder essential approximate point speetrum.,

o =g |
In |u|.itwnnhuwn that TelA)= R eCd-a g (1)

|
In IH'E’. Wevl proved that Weyl s theorem holds for hermitian operators.

Wevl s theorem has been extended from hermitian operators to
hvponormal and Toeplitz

(3)

operators l.l . and to several classes of operators including semi-normal
aperators '['l[ll]. Recently , the second named author W.Y.Lee 15 showed

that Wevl s theorem helds for algebraically hyvponormal eperators. In this
paper , we extend this result to algebraically *-paranormal operators.

2. Preliminari

1"||:I 1 '|T'|'IL|

Definition 1: An operator A is said to be *-paranormal il for

all 14

; Al =supliti eal 4l
Proposition I[“]: Il Ais *=paranormal , then |=spiitica

3- Main results

Wi say that A is algebhraically ®-paranormal if there exists a nonconstant
complex polynomial p such that p{A) is “-paranormal.
The following implications hold;
hvponormal = *-paranormal = algebraically *-paranormal.

Lemma 3.1: IT A is invertible and *-paranormal then is “.paranormal.
e gl —p 1 =T o
Proof: Given x= Hlet Y= ¥ and 7= ¥ gp L= yad T2=5 qpey
. 12 1 1 Ty :
{ Ili IHT":T Ill:lr| = i I_-I"E -|f¥_'!|_'|

.:|!| I }I.E irl |r|'||1
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Lemma 3.2 : Let a “-paranormal operator and Y < /7 be an

invariant subspace of A, Then the restriction ool to its invariant subspace
M is also *-paranormal .

Proof : Let * = bhe an arbitrary vector . Then we have ,

3 ] L]
jd al

LMl =L o =0 < b sl o] = 40 F o] o]

This implies that - is *=paranormal.

Definition 2 : An operator A is called isoloid if every isolated point of atd) g
an eigenvalue of A.

Theorem 1 : If A is *-paranormal, then A is isoloid.
Proof: Let ™ 4] be an isolated point , then the range of Riesz projection

1 ]
E = fz=d) a2 .
1-?'[" is an invariant closed subspace of A and ofAEn)= {3},

where I}
{4)
is a closed disk with its center 4 such that T D =% 1 iwe . then
a{aEn)=fo}

E IFH = ELE
since VEH 5 *-paranaormal by Lemma 3.2, AEH =0 by propaosition 1.

Therefore 0 is an cigenvalue of A . If 2 * % then ™ is an invertible *-

i i
paranormal operator and hence {"L:LH]_ is also *-paranormal by Lemma
(vEn)-1)=

el )
1.1. By proposition 1 , we see [IAJER] = and " Let e EH he an
Iy sf{uu]"|-.l..r.u-. - L AFH < _j:':a.;,;. 'y
arbitrary vector . Then . This
i
LN ‘{1 u-n]-{l}
implies that * is unitary with its spectrum . Hence

VEH =AandA 4o on eigenvalue of A . This completes the proof .

We write riA) and W{A) for the spectral and numerical range of A |,

4 and that WIA) is convex with

respectively . It is well known that r{A) =

convex hull cony TS MAL 4 b valled convexoid if cony 7L 404
il

normaliod if r(a) ="'
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Lemma 3.3: Let A be a*- paranormal operator, 4 =0 and assume that
il A= :-".Ir Theny A=4

Proof : By following the same way in [l.i, hemma ‘HI .

In 4] . B.P.Duggal and 5.V. Djordjevic proved that guasinilpotent
algehraically *-paranormal operators are nilpotent .We now establish a
similar result for algebraically *-paranormal operators.

Lemma 3.4: Let A be aguasinilpotent algebraically *-paranormal operator,
Then A is nilpotent.

Propf : By following the same way in [13. e 2.2] ,

We say that FEBH has the single valued extension property (SVEP) if for

tl:t [N R

CYErY Open se which satisfics the

{A-4i}=0

the only analytic function

ey

eouation is the constant function

Lemma 3.5 Let = %) pean algehraically *-paranormal operator . Then
I has finite ascent . In particular, every algebraically *-paranormal
operator has SYEP.,

Proof : Suppose piA) is *-paranormal for some nonconstant polynomial p.
Since *-paranormal is translation-invariant, we may assume p(0)=0. IT

pij=al’ then
(3)

kerl4" |= kerl £ | hecause *-paranormal operators are of ascent | . Thus we

AL b AT = Ay A=A, me el A e ) fioe B0

write "} wwe then claim that

L.I:'ft'lﬂl' L|:'|-| ‘!n--.j t:‘ ]i

win
To show (3.1), let B 5 e kerld :' Then we can write
Al ={=1 o, 40 4,47

Thus we have




b A 2 ALS Alay

*

a1 474 =(pl A plae)
= iplAY plAke] o
. I .
2iplA) plAke |”.
< ,r-{.-[j]"'!'ri |Becawse pf A4} 1x * = paramorm )

=, A - L 1PE (4-2,07 A1

=

- | mal ™
which Implies * ") Therefore bel™ s kerld®) gnd the reverse
inclusion is always true . Since every algebraically *-paranormal operator

has finite ascent , it follows from vl that every algehraically *-paranormal
operator has SVEP.

From the Theorem 1 ,we obtain that every *-paranormal operator is isoloid
We now extend this result to algebraically *-paranormal operators.

Theorem  2: Let A be an algebraically *-paranormal operator . Then A is
isoloid.

i i
A isour{A)and et £ = 2 [ (z-4) &

Proof : Let o~ be the associated Riesz

idempotent , where 1) is a closed disk centered at * which contains no other
' | .'|| ] |

polnts of {4)  We can then represent A as the direct sum b Ay g

whepe T4 )= iland aldy)=ol4), 2]

Since A is algebraically *-paranormal . p(A) is *-paranormal for some

ol dy )= i)

nonconstant  palynomial p. Since we  must  have

el ol A W= pleal 4, D=1 pd 2 )L M )= pld)

Thercfore is quasinilpotent. Since

PAT i *paranormal , it follows from Lemma 3.3 that 70 #80=0 pyy

lzl=pll= AL Then #4)=% gnd hence * is algebraically *-paranormal .
Since M4 iy quasinilpotent and algebraically *-paranormal | it follows

.JlLF.-'I:_'i"ll

from Lemma 3.4 that %% s nilpotent . Therefore and hence

AL This shows that A is isoleid.

Theorem 3: Weyl s theorem holds for every algebraically *-paranormal
sperator.

i6)
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FProof: Suppose plA) is *-paranormal for some nonconstant pslynomial p.

r_ldlc al F:lullu.ll.i:l

We first prove that . Since algebraically *-paranormal is

translation-invariant, it soffices to show that Rex id)m A is Weyl but not

Berx l4)

invertible. Suppose Mow  wusing the spectral  projection

E= il—' [ -4
B , where IV is a closed disk centered at " which contains
no other points of AL &5 before . We can represent A as the direct sum
4 0

= !
0 4

where ®14 )= 0] and aldg)=ald), jo}

But then " is also algchraically *-paranormal and quasinilpotent. Thus by
Lemma 3.4, ‘% s nilpotent . Thus we should have that 9MEF) o= . iy
were not so, then %' would be infinite dimensional operator . Since finfte
dimensional operators are always Weyl it follows that b Wevl. Bul since
x4l ol 4)

!
. For the reverse inclusion, suppose ~ = oty o] Thys A-A g Weyl
. Then by the "Index Product Theorem™,

dimMEA-UT - GmMA-0P) =lMa-2T )= ild-il)=0

“ is invertible we can conclude that A s Weyl . Therefore
od 4|

Thus if @™ " ld-ar) is a constant , then so is 9 A=Y Consequently

finite ascent forces finite descent. Therefore by Lemma 3.5, 44 s Weyl of

finite ascent and descent , and thus it is Browder. Therefore © Toel ) This
completes the proof,

Theorem 4: If A is an algebraically *-paranormal operator , then

o LA = flad A ) for every I a Hiel Al

where Tlatdl

erl A

is the space of functions analytic in an open neighborhood of

Proof; Sinee NS AN with no other restriction on A |, it suffices to
in the above inclusion is that

ok Al A necessary and sufficient condition for equality

A A A W20 for each pair of complex

A B a 4l ||.|'|||H|:I

numhers which are not in . Let A be an algehraically
“.paranormal operator ; then by Lemma , A-*' has finfte ascent for every

L and s0 If4=-A s Fredholm then M50 s i A-A hag finite

4 -Al)=10

descent . then Land if -4 does not have finite descent, then
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stice il A—Hi=dm N A - U —codimBA-UT = —=
L F J.”{ﬂ LA — X

This completes the proof.

Corollary 4.1: If A is an algebraically *-paranormal eperator |, then for

& Ha{d)) W, LE)

CVETY eyl s theorem holds for

(7)

Proof: Remembering 0 that if A 1s isoloid , then

.I'Irrl.rl.-t_Ii.ill:r:l.'I.!:I:I.lel._ll__.l'[.-l:li for every | © He| -I]I:
il follows from Theorem 1 . Theorem 3 and Theorem 4 that
el 1 4!':1|.-: WA= f 1”“'“." kA - Flid A )= el FLA N

which implies that Weyl s theorem holds for /14!

Theorem 5: 11A =99 g algebraically *-paranormal then

e UA)= Mo 1)) for every | © H{a{All

Proof: Note that it is enough to prove the inclusion flawldlle o, fi4)

iea | 4]l Then fld)-Led i) ani
i-A @ M)

Suppose that
Fldl-A=a l4-4 N (4- 4]

a, €L

Arguing as i
and hence that
& e Al

whire and

the proof of Theorem 4, we have that a4

-4 ad’ (M) for all ' =1,2.....k. This implics that 2
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