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iAbstract

In this paper an apphcation of Euler line in hilla brnidge and compare with kimigsberg
bridge and improve theorem in printor’s problem / De Bruijn cycle are proposed, and
the situation were =4 and all possible of subsequence, its means all Euler line in
directed graph are taken into consideration

tintroduction-1

The basic idea of graphs were introduced in 18 centry by the great swiss
mathematician oo . He used graphs to solvie the famous kinigsberg bridge
problem

(German city of kénigsberg(now it is Russian Kaliningrad

Was situated on the nver Pregelat had a park situated on the banks of the river and
two islands mainland and islands were joined by seven bridges. A problem was
whether it was possible to take a walk through the town in such a way as to cross over
avery bridge once, and only once

A graph 15 a set of points { called vertices or nodes) connected by lines { edges or
Jares) For more details see [1],[2] and |6

iti 3:-2

A graph G=(V, E) consist of two sets set V of vertices and E of edges such that each-1
¢ € G can be identified with a pair {u,v) of vertices in ¥, the vertices u and v are
Known as end points of E

Awalk (w) in G s an alternative sequence of vertices and edges-2

Repeatation of vertices and edges are allowed a walk i said to be an open walk if
Anitial and end vertices are different otherwise w is closed

. Adrail in Gois an open walk without repeatation of edges-3

A path in G is an open walk without repeatation of vertices-4

A graph & 15 said to be an Euler graph if there is aclosed trail which covers all the-5
edee ol G

The degree of avertex s the number of edges incident on 1t . agraph 15 regular if all-6
. of itz vertices have the same degree

deifd(v)i=k, ¥ vEV then Gisak - regular

We say that G 1s connected il there is apath between each pair of vertices in G,if G-§
.15 not connected it 15 disconnected graph

dnigasberp bridee problem:[21[4]6:3

The Komigsberg bridge prohlem is perhaps the best-know example in graph theory it
was along-standing problem until solved by leonhard Eunler (1707-1783) in 1736y
means of agraph Euler wrote the first paper ever in graph theory and thus became the
originator of the theory of graph ,as well as of the rest of topology.the problem
Adepicted in fig (1

Twao 1slands C and D). formed by the pregel river m Kémgsberg  ( then the capital of
east Prussia but now renamed Kaliningrad and in west soviet Russia),were connected
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to cach other and to the banks A and B with seven bridges as shown in fig(1). The
problem was to start at any of the four land areas of the city AB,C or D, walk over
each of the seven bndges exactly once,  And retum to the starting point {with out
Aswimming across the niver

Euler represented this simation by means of a graph, as shown in fig(2). The vertices
represent the land areas and the edges represent the bridges

. Euler proved that a solution for this problem does not exist

nnl

graph of Kinigsherg bridge problem-(2)

uler s:[2][4:4

in what tvpe of graph G 15 it possible to find & closed walk running through every edge
of G exactly once? Such a walk is now called an Euler is called an Euler graph more
“formally

IF some closed walk in a graph contains all the of the graph then the walk is called an
Euler line and the graph an Euler graph

By its every defimition a walk is alwavs connected since the Euler line (which is walk)
contains all the edges of the graph an Euler graph 18 always connected. except for any
izolated vertices the graph may have. since 1solated vertices do not contribute any
thing to the under standing of an Euler graphs do not have any isolated vertices and
.are there for connected

[Theorem:[2](3:5

A given connected graph G 15 an Euler graph off vertices of G are of even degree (e,
{.......d(vi=k where k=2.4.6,8

Im this rescarch we can explain the Hilla bridges are Euler graph, Now looking at the
Alig(3) and the figi4
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The two areas of the city A and B were connected to each other and walk over each of
the five bridges exactly twice and refturn o the starting point with out swimming
across the nver, Now we can see that there 15 a closed trail which covers all the edges
of G and we can casy 1o see that the graph is connected and the vertices of the graph
Hilla bridges ave of even degree so by theorem or by definition it 15 Euler graph or it
15 have Euler line

Peta bndge

Hilla river

(A) (B)
Al-Huzsain bridge

= Mew bridge
== Old bridge
Indian bridge

Fig (3)-Hilla bridge

k|
a I ®Figid)-graph of hilla bridges

T:Defimition:
| -A directed graph or a digraph G= (V.E} is a graph with vertex set Vand edge set E
such that cach edge ¢ € E 15 associated with an ordered pair (u,v) of vertices in 'V,
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i voel={u,v)

¥ u e2={v.u)
The vertex v is called an initial vertex for ¢ and v 15 known as the terminal {end poimnt)
venex for e
2- Let G=(V.E) be a digraph. Let vE Y then the numbers of edges for which v 15 the
initial vertex is called outer degree of v & it is demited by d7(v).
3-Let G={V.E) be a digraph. Let u €V then the numbers of edges for which v s the
terminal vertex is called indegree of v & it is denited by di{v).

[Theorem ;- [1][2]]3:8
How long a cvelic sequence of digits "0" and ™1" such that no subsequence
{segment) of r bits of "0% and " 1® will appear more than onhce o a cychic sequence 7
Proof:
Tele printor's problem /De Bruyn cyvele
We Know thal there was 2' possible subsequence of - bits
g0 It 18 clear that the tength of such a cyclic sequence
Can not be =2 we want to construct a cyclic sequence of digit"o” and" 1™ of length 2
such that no subsequence (scgment) of T hits of o& | will repeat in the cycle |
‘We shall construct on Fuler digraph as follows
Let us consider a graph G={V,E) such that all the {r-1) tuples are vertices of G, [t 15
. clear that , in G there are 2™ vertices

(Pale2 ... o]l withawi=oorl ¥&=1....0r-1

MNow, draw two edges from p o two vertices say gl &q2 & we label these edges as pl
& pl

Leala? o=l 0 &alaZ . oooiar] 1

( let us take gl=(ul....... ar-1 {1

§and q2={ a2 .___ar-]l 1

Fmally draw such two edges from each vertex in G Thus . d'(VFE2 ¥ vE€V | Note
that if p={oo.....o) or {11.....1) then we get sell - loop at p .
{ where self-loop s edge where the initial and end for this edge 12 same),
Smmlarly |, forcachv €V | we get d (V)=2 thus . d'(v) for each vEY, Also ,

.y o

Y d (ViFe ——= I=¢ [ = S

i=1 i~
[t 15 clear that the digraph G will be an Evler digraph
Let T denote an Euler lime m G & it contains
All 27 edges
MNow | consider a sequence by taking first digit from cach edge comming
consequtively i T then it will be the require cyclic sequence of length 2, Now let

» izl (a2, oome-1, ar) ® (al ed.... a2, .oor pard] »
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p q ' X

al...... - adad,.....ar-1 ar o3 o4. . arar+]

note that if pfog & x are as in the figure then the (r=1) tuple of the trail of first edges
will be same as (r-1) tuple of head of the next edge in T. further note that any two
edges have different labeling.

So.in acychic sequence any subsequence of r-bits will not repeat.

Mow for =4 hit we can sce that there is 16 Euler line

Such that it 15 not repeat

Now, we analysis the theorem to see how many Euler ling contamn when the number of
digits is equal to four,

[ r=d
s0 that for the Fig(5}) the number of vertices 15 equal to
2+l =2+ = & vertices

now, the number of Euler hine 15
2' =16 Euler line
&0 that the number of subsequence which is not repeat is equal 16,
5o that from the table we can follow every Euler line m the Figl6 ..., 21}
MNow, take the first Euler line
{15-16-1-10-11-5-6-7-8-9-2-1-4-12-13-14)
follow this Euler hine in Fig(3).
S0, we can see that this path which cover's all the edges of graph without repeat any
edges and come back to the first point{vertex).
Now, same the Euler line draw as subsequence (circle) in the Fig(6) continue same
sleps to the other Euler hine {16 Euler hine) and draw subszequence
We, can see that there is exactly 16 subsequence such that it is not repeat.

NOY Euler ling 5 Wence
[cirele)
| $15-16-1-10-11-5-6-7-8-0-2-34-[ 2-12-14} Figie)
2 fE5-1a-1-2-3-4-1 2-8-0-10-11-5-0-7-13-14} Figi7)
3 FES-T6-1-10-11-5-0-F-3-0-3-3 4| 7-13-] 4} FigiX)
4 115-16-1-10-9-2-3-4-§ 2-8-11-5-6-7-123-14! Fig(%)
5 5161 -1 0-0-2-3-4-5-6-T-8- 11 -1 2-13-14} Figi 10}
i $15-16-1-2-3-4-5-6-T-8-9- 10 1 1-12-13-14} Fig(11)
7 I15-16-1-10-11-12-8-9-2-3-4-5-6-T7-1 3-14! Fig{12)
n PEE-10=1-10-11-12-1 3-3-4-5-6-7-R-9-2-1 4! Fig(13)
i} 1153-16-4-5-6-7-8-9-2-3-1-10-11-12-13-14] Fig{14)
10 | 115- ]ﬁ412-H-¢'-1-1-I-IﬂII ﬁﬁ?ﬁ 14} Fig{15)
11 L15-10-4-12-13-3-1-10-11-5-6-7-8-9-2-14} Figi 1)
12 15-16-d4-12-8-11-5-6-T-13-3-1-10-2-2-14} Fig{17)
13 115-16-d4-5-6-7-8-0-10-11-12-13-3-1-2-14]} Fig{1#)
14 {151 6=d=5ebr=7-8=11=12-13=3-1-10-9-2-14 | Fig(12?)
15 115-16-4-5-0-7-13-3-[-10-11-12-E-D-2-1 4} Fig{2
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[16 | #15-16-4-12-8-9-10-11-5-6-7-13-3-1-2-14! | Fig(21) |

Fig(5)
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Fig(12) Fig(13)

{Fugi 14) Fig(15
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9:Conclusion:

Now looking at the graph of the Kénigsberg bridges(Fig{2)), we find that not all is-1

vertices are of even degree. Hence it is not an Euler graph. Thus it is not possibie to

Jvalk over cach of the seven bridpes exactly once and return to the starting point

One often encounters Euler lines in various puzzles. The problem common to these

plzzles is o find how a given piciure can be drawn in one confinuous ling withou

retracing and without hifting the pencil from the paper

.and we can see that the graph Hilla bridges its Euler graph and its have Euler line
2-and if we take r=5 in Tele printor's problem /De Bruygn cycle

then there is 32 Euler bine and if r=6 there is 64 Euler line 20 on
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