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Abstract
In this paper. we introduce and study types a new of closed set called ™

-closed set, ™ -closed set, ¥ -closed set, ** -closed set of Bitopological space,
and we will summarize the relationships between them and we shall prove every
pointed on i, Also we will introduce and study some types of continuous
functions on it also, we shall summarize the relationships between them, and

proved every pointed on it. Several propertics of these concepts are proved
Kev words: closed set ¥ closed set. ® -closed sel. ™ -closed sel.

Introduction .1
A bitopological space ' "'][1] isancn emply set with two topologies © and

*: on X. In 1970, Levine [6] introduced the concept of generalized closed sets in a
wopalogical space, shortly { ¥ -closed) where he defined a subset 4 of a topological

gpace U to be ¥ -¢losed if AMAEY whenever 15V and U i open, In 2004 Falahln

[5]studicd a new types of £ -closed subscts of topological spaces, which is called ¥
-closed set, W _clased sel, B losed set, a ~closed set. Some types of ¥ —closed
subscts of Bitopological spaces ia studied in this paper which iz denoted g sglosed
sel, ™ .closed sel, £ -closed set, “ closed set,

I Preliminaries

Throughout this paper, for a subset 4 of a Bitopological space | X.r.1y)

d,  [A) i [A) aed [A) @el,  [A) ;
' (resp. = e F_u Ty will denote to the closure (resp.

interier, smalfest “™ <closed set contaiming £, smallest * -closed set containing 4
), also the symbol will indicate the end of a proof,

For the sake of convenience, we begin with some basic concepts, although most
of these concepts can be found from the references of this paper.

A.r.1s)

Definition (2.1) [4] A subsei 4 of a Biopological space i5 called:

| xemi closed if MnlellAls 4

X -cln-.scd!F"r'-l"”'{""“"l" 4 =12 .

Definition (2.2) [4] The complement of “% -closed (resp. ™ -closed) 5 called

swml _openi=lor 2 (resp. '~ @ - ppen,i=lor 2.
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Deefinition (2.3) A subset 4 ol a Bitopological space e ) g called:

| generalized closed (% -closed) set [5] if “n WMISY oenever &Y and Uis
"~ open seri=lor2,
2. generalized Y% -cloged (¥ -closed) set [7] if wly, ldlst! whengvar AV and
045 * - open set ,i=1or2,
3. semi peneralized closed (% ~closed) set [6] it “ AEY Ghenever 15U and
U jg e somi _gpen set i=lor2,
4 generalized @ -closed (¥ -closed) set [2] i ady st whenever 1= and
U ig Fr - @ _open set i=lor 2,

tdicl

5.7 —peneralized closed ( ™F —closed) set [1]4F i whenever =Y and U

is " open seli=lord.

Definition (2.4) The complement of ¥ -closed (resp.*' -closed, " -closed, *"
closed, ™ —closed) is called ¥ -open (resp.®' -open, * - open, *™ - open, "* -
Open)

Remark (21.5)
The relationships between  the concepts  in definitions (2.1) and (2.3}
summanzed in the following diagram:
closed set-EMBED —EMBED
—  EBqualiopI——Exaafion.3
EMEED

it Y {Iﬁ%.‘i‘ the above diagram in the following propositions
ion (RAEMEEY  closes sel

ﬁ%ﬁ&; clyiaian,of 2 Bitopological space 7o) s # -closed
Proaf:

Let 154 he closed set, and let 75 | where U s open set, 1=1,2, since

1 iz closed set then Fnasid)= 4 , hence SR e A oas Fooclosed.
Propuosition (1.7)

Every ¥ -closed subset of a Bitopological space 772 jg ® claged,
Proof:

Let 45X he ¥ _closed set, and let 45 L  where U g © open seti=1.2,
T P | Tt and hence im,.hJ,,{.-l]]-;inl,_it.'ﬁ.r=EI-,

il 2. Bince 9 ul) s the smallest @
= el (A)= AR o lint, (el (A A8 o U U

since. 1 15 ¥ -closed set then

Bt U O, s e imt el (AN |

-closed sel comtaining ¥, s 1= L.

i jg 2 _glosed.

Proposition (1.8)
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[xe.r.]

Every closed subset of a Bitopological space 15 @ —closed.

Proof:
[..E't _-I;_l ‘h:' £, t.ll:&E-Ed. S'E't|-=l1.z-. manIll;r: | .hEr-II'.!E [T 1] l{;."'}-F:“"I}
=12 but laty, (4G t so My ety s (Al U el fint . el (40 oy (1)

.i=| ] Thi!n of limi [ff"{.“E'l

. and

=12, 1.e. 4 159 ¢losed.

Proposition (2.9)
Every ¥ -closed subset of a Bitopological space ren) g 0% closed,
Prioaf:
Let 454 be " @ _closed set, and let =Y | where U is @ —open sel, since
. - i Al At ad , (4)
{ iz ' = @ _closed set, tln::n{'r" linty, felp () A<t J=1.2, since ' is the
smallest ¥ -closed set contamming 4 | 5o,
avl, ()= AL o, (ima, fetf, (AN
o AR L
o i=kl,
Le A s 5 closed,
Proposition {2.140)
Every ¥ -closed subset of a Bitopological space e 4 ® elosed
Proof:
Let €% pe - B9 ¢nced seti=1,2, and let 1Y | where U is ® - open
, . acly . (dlcU
ser, since A 45 - E¥ gloged  geti=l.2 then ’ and  since

ol (A)= AR of (it (cf, [ 4D} ol it (el (AN} ol [ A) S T

=1,2, then =1,2, but
(11 [r.f.iﬂ}: il Illt [II1"'_H -.i=|.1th'u“ iﬂl.‘l-l'j f”':‘ 1i=i..2. SII'LEI: I|r.|:.lb 'i:'i Ih':

anyallest " cclosed set containing 1 | 8o,
sl [ A)= AR i, (o, [A))

cU.i=112

Le A is B selopsed.

Proposition (2.11)

Every ¥ -closed subsel of a Bitopological space
Proof:

) b8 oeed

Let 454 be "~ £ _closed set, and let *=Y | where © is * - apen set, since
el {dlet Ity el (AN S b (U) F=02 (g

o . I_.I:.ﬂ

i iz ¥ _closed set then , and hence i
it el (AN U, i=L2

open sel, so0 . Since i5 the smallest semi

-closed set containing /1 | 50,
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sl (A= AT . (et [ A))

clfa=12

i A as B _clpged

Proposition (2.12)

Every 57 -closcd subsct of a Bitopalogical space ¥57) 5 2 _closed
Proof:

Let 454 be "~ ¥ closed set, and let =Y | where U is ¥ - open set,

since A is ®¥ _¢losed set, then ™ he AISY o 4 s O closed.
Proposition (2.13)

Every “¥ —closed subset of a Bitopological space Watat) 0 8 closed,
Proof:

Let 454 be * - 8 closed set, and let *SY | where U is "~ apen set,
since 1 15 oo W closed  set, then™'n ISV and since
acly ()= AR o m (el (A0 g o el (int, (et (AW s act, (A)c U =13 hat
i (el (AN o fim el (A () 5 oy (el (DU i, Sk ety (4)

the smallest *™ —closed set containing 1 | 50,
sl [ A)= AR it (cd, {4))

Uim L2,

ie A is ® closed.

Proposition (2.14)

Every  -closed subset of a Bitopological space
Proof:

(L. 1.1, ) 15 = Lelosed.

= i - e A =|_l
Let =4 bhe %o @ _closed sel, then Vi ety (AN A, since

int, [.J'J«HF;.J_lm,{..r,q.ﬂhrl__lemr. R .11“:. 1 iz vemd closed.

Proposition (2.15)

(X, 70.05)

Every %™ _¢losed subset of a Bitopological space is € _closed.

Proof:

Let 4= he ©o somi cloged set, and let 158 | where U 4z - somi _gpen

int el (Al At sl . (A) is

set, since A s "™ closed set, then J4=1.2, Since

the smallest * _cloged set containing 4 | so,
sl [ A= AR i [, [ AN

U =2

1A s closed.
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Proposition (2.16)

Every "® -closed subset of a Bitopological space Warits) i 85 closed,
Proof:

Let 1=V be %~ %W closed sel, and let "=V  where U is © - open set,

il .I-.d'}g L

since A 15 "% —closed set, then e A oasclosed.

Mow, we will give some example W show that the mverse pointed in the
diagram (2.1} is not trug

Example (2.17) © -closed set ™ closed set.

Let X= '.u-f:.i-:1 r. =X ¢ Jolleb la ol 1= e lall w =l X el lab, :.'-::r
= ¥ _ Iyl
et F =181 U=y open sel.
' y 1 |I - ! ! P Il
Now, since el d)= ol e AT s B elosed set, but it is not closed set.
Example (2.18) @ <closed set ™ * - closed sct, i=1 or2
Lel X = b, £y= Wb ek kb ek la bl v, = (X8 el ixt

v =N e iabdlbdlicll 1o A=Bel

e Al= ool intlcfA))= e} clintlcl{ A= k) 4

Mow, since , and 1.C.

A=ibe} o @ ~closed set, but it 1s not” - closed set, i=1 or2,

Example (2.19) "% —closed set ™ ¥ -closed set.
Lat A= habe) r= LX..0a) ol da.c)) =Xl o o =X el la b ]

E

et A=kl Uex open sel.

cifd)={heict g ilfldll=le}  cfmlctlaf)=lbojct

U = {u)

Mow, since
i , gl . ;
4=¥1 s B _¢losed set, but it 15 nol ¥ -closed sel. Since if we (ake

cHA)=la b A

Example (2200 ¥ —closed sel ™ ¥ —losed ser

Let ¥ =bbel r=Nglallbiac o =Bl 1, 4=kl p=x
open sel.

Now, by propesition (2,100 we have %7 s ¥ _closed, but it is not ¥ -closed
sch.

Example (2.21) # -closed set ™ ¥ —closed set
Lo N=label e =talebbllal] o n=thedall o 4=B) vy
apen sel.
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Hld)=peicl .4 il A)) = [b] o dld)=lhelcU { = b}

Mow, since .8

g = Fai il
is ¥ closed ser, but it is not ™ closed set, Since if we ke U = didl=keby

apd e A )= b elfintlell A= feb] o L, ()= fje.blzl

i {*""" ! % ,"""' and J=Closed Sets and Continuous Functions on it
In this section we will introduce and mvestigate now tvpes of £ —closed subscts

of Bitopological space, which we called it B _closed sel, W _closed sel, R _Closed

set, "% -closed set, the relationships between them are summarized in the diagram
{3-1}, and we will proved every pointed between them, also, we will give examples
for these concepts. Finally we will define new types of continuous [unctions on our
new concepis, also the relatonships between them ane summarieed in the diagram
{3-2), and we will proved every pointed between them. We well prove several
propositions about these concepts.

(X Ty )

Definition (3.1) A subset 4 of & Bitopological space is called;

L closed set if *renl SV Grenever ASU and Ujs - 0 -open set |
=1 or2,

g an l|'|I i II T
2% _closed set if el MEY enever AU and Uig f- % open set |

=1 012,

T P > A i = [ F #
189" _losed set if et ISY Ghonever 15U and Uis % -open sel
=] or2,

4o -closed set if
=1 or 2.

-

acl,  (A)c Ul Ugnd Uiy *

A

whenever 9% —open set

Remark (3.2)
The relationships between the concepts i defimtion (3.1) summarized in the
following diagram:

EMBELD
Equabon.3
EMEEW SRR prevesgmery pointed in the above diagram in the following
i - E o3
-closed sat EMEED sat
Propositioeghibh 3
Every Boomim N ceti=1 or2, of a bitopological space 'F-Tef) 5 &
-closed.
Proof:
Let 454 be " closed set, then “MA)E where 4= and U 5 %€ -open,
then U is " closed. hence U is © - # _closed, then U @5’ ¥ —open and
d(4)=t

e A s 2 _closed.
Proposition (3.4)
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Every ¥ _closed subset of a Bitopological space 'Y-5-%) iz 8 closed.
Priaf;

{ x i |'.II Alc f.l
Let €& be "~ 29 _cjoged set i=1 or 2, then ™™ wldle
ard, (A=Al &l mt fed, (A1

E i

and U s 1 | -open set, since i=1,2, for any A X

thery Lot et (AN © et LD U =12, but imt, fel, (AN of, fimt, ded, (AN i=1.2 then

i=1,2 Since "TrsM) g the smiallest 5w _closed set containing 1,

sl 1A = AR it Al (DS 42y 3 and since U is 57 _open, then U ig %0
h.;. ' .1.f"._t'

where 15

ik fad (AR

-closed, hence V" is # -closed. then ¥ is © - # -open and S A s

B closed.

Proposition (3.5)
Every B _losed subsel of a Bitopological space or.1,) i5 T _olosed.
Proaof:

Lot dc X bie f, _ ga -closed set, ‘htn.-:,m;f whers dct ind ¥ r

2o -open, then g Y- Ba -closed, hepce U7 s .. ag ~closed, then &' 5 “#

ISl o 4 i ™ closed:

-open and
Proposition (3.6)

(X515

Eviery @ _closed subset of a bitopological space is ¥ _closed.

Proof:
Let 46X pe fi- @@ _clased set, then ™" et where 1= and U s

T gpen st =lorl ,  since ok (4= AW o, [h“'-m"'““".|=l.2 , then
ol I."“-r‘l r._‘.'t”]' = el [".'\- [ E=E z h‘l.'l'. rrll,,h ;rj "']]' r'l', ||-|||-|_1-I ;.1”]’: |-=E 1 I-h-:ﬂ-

it bl (AN U il (A}

=12 Singe 15 the smallest ™ -closed set containing 4 .

so, "hnlAl= ATt WL LNV 5y 9 andosinee U is® - % open, then U - s

% _closed, hence U is T~ ® .closed, then U iz & - ¥ open and *ee S

i A e ® closed.

Mow, we will give examples of our new concepts.
Example (3.7)

Let ¥ be the usual topological space and * = . , et E={ab) | an open
interval, then L' is "~ *£ _clased [], now et A=led) ueh that s<c<d<b  gince

e A)=fe.d) s Wl Al =led) o
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el (d)=AF it (et (AN
=lc.d |l tc.d)
=i, d )

= la.b)

A dl p
Le, Vo) is 2 _closed,

Example (3.%)

Consider the above example, and by proposition (3.3) we have i)

15 also

£ _closed.

Example (3.9)

Consider the example (2.18}), we have the set el 5 a ~closed, say U where

V=t e and T, :-!lu'.lf'.:ll:-.:-l'..:ll.l'].:l'l.lll.d”_ r. = (X el S-l.'lb]r' Dmpﬂﬁillﬂﬂ{z.';'_:l

we have UEREl gt #e oloeed Now fer A= s Pnld)s el :
it et (4N = ) and Mmbedlal=f} o el (A= AN clinf{el{d)))= el U b
d=ibei jo et closed set.
Example (3.10)

Consider the above example, and by proposition (3.5) we have A=l G alan

Y closed.

Definition (3.11) Lot +Fuet ]'." 200 4 twa Bitopological space (A funclion
Fod=s¥ i called:
1]

|. ¥ _continuous if the inverse image of every ™ ¥ —closed is © #* _closed =1 or2.

1. . - . : 1 o 5 I
2. "8 _continuous if the inverse image of every © ¥ clogsed is ©* ® -closed i=] or2.

- s ; ; ' 3 TP -
3. B continuous if the inverse image of every © @ -closed is * % -closed (=1
3
are.

3. 9% _continuous if the inverse imape of every ' @ -closed is © ¥ closed Li=1
arl,
Remark (3.12)
The relationships between the concepts i delinmtion {3.11) summanzed in the
following diagram:
EMBED
Equation_3
enediow, WEWI proswierery pointed in the above diagram in the following
pEmpokdiEns: ‘-\ Equatian 3

-confinuous EMBED -comtinuouEs

Propositiomedaldh =
~cimgram (3-2 - . .
Every = cmiﬁsu}um functon 15 #° - continnous function.
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Proof:

Let 1-fut) Wbl o two Bitopological space define F =

which is
W - continuous function, and let 4 he a ™ % closed in ¥V, since f 1z W
-continuous, then by definition (3.11.2), we have / ) e © W elased and by

proposition {3.3) P e ® Closed, ie 7 is ® —continuous finction,

Proposition (3.14)

Every ¥ - continuous function is “* - continuous function.
Proof:

fX.r.0 ) K. 8.0)

Let are two Bitopological space define f:d =+l which 15

9 _ continuous function, and et 4 be a @ <losed i ¥ |, since g P owa

.continucus, then by definition (3.11.3), we have 7 ) 5 & #a

' A4) r

-closed, and by

proposition {3.5) is © ™ closed. ie ¥ is “® -continuous function.

Propaosition {3.15)

Let! 'Y Y and M ¥—=Z are two *' -continuous fumctions then
MEF:X =2

Proof:
Let 1X-R. Illl-'.r..r.llh'-’--‘ Pr) g XY g ¥ <2 e b B

walso ¥ - continuous function, if every ¥ —closed in ¥ is & —closed

-eomtinuous functions, and let 4 be £ closed in 2, # is ¥ _continuous function

I
04D gk

then ¥4} i & B cloged in b . 50 by hypothesis ¥ cloged in b gince

f s ® _continuous function then 7 U A=l 0 La)= (e ) '(4) 3o © "
-closed, e LY is5 ¥ —continuous function,
Proposition (3.16)

Let Fi ¥ a0 B:¥=2 are two " continuous functions then
RIS X2 G sleg %% . continucus function, if every & *® .closed in ¥ is b ¥
-closed
Proof:

Let\ Wty ) (rie e, ) WEpem) gng F1XY ng bi¥ =2 gre two
—continuous functions, and let 4 be ™ £ closedin #, # 15 " _continuous function

I I.' - ] - - - -
then WA} g5 JE -closed in | | so by hypothesis ALAY 5 b & —closed in 1 |, since

f (68 rr'ia) S o, ot o

5 "% —continpous function then is M closed, i.c, 18

-conbinuous funchion.

Proposition (3.17)
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Let £ XY and MY—=Z are two ¥ continuous functions then
Mf:X =2

Proof:
L-‘E:ll"lt-‘r"T'],{F'r"r-'},lf'ﬁ"p'}and f Xy i]“li koW 7 e i -!:“'

i also 57 - continucus function, if every * -closedin ¥ 15 ™ -closed

. ; i ; ;
-continuous functions, and let 4 be ™ @ glosed in £, ¥ iz * _continuous

function then * 141 s % #% _closed in ¥, s0 by hypothesis * 11 15 Y @ closed
in ¥, since 7 is £ continuous function then WEST AN g 22 laged, e Y0
is © ¥ _continuous function.

Propaosition (3.18)

Let 4V apd #¥Y—=Z ar twe ¥ _continuous functions then

kBl f-X—=2 g

15 also - continuous function, ifevery “* —closed in 15 @ -closed

Proof:
Let

al - - I.' . - | . ! .

Foa _elosed in £ . % is ™ _continuous function then 4] 1% b, g closed in ¥ |

I
so by hypothesis W) ja"'

A= b and 807 =2 are two ™ _continuous functions, and let 4 be

@ _closed in Y, since f is ™ _gontinuous function

d ; | . r ) §
then #57) (4) 15 % _closed, 12 SET s U™ _continuous function
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